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Abstract
The characteristics of energy spectrum based on 3D normal 
mode energetics are investigated with the global analysis dataset 
provided by Japan Meteorological Agency (JMA) with the resolu-
tion of TL959L60. The energy spectrum of gravity modes exactly 
follows the −5/3 power law in the synoptic and mesoscales. In 
the synoptic scale, the spectral slope of total energy follows the 
−3 power law because Rossby waves are dominant compared to 
gravity waves. The energy level of gravity modes becomes larger 
than that of Rossby modes around the zonal wavenumber k = 80. 
This scale corresponds to 350 km in 45°circle. The total energy 
spectrum does not show a clear transition from −3 power slope to 
−5/3 power slope because the energy level of Rossby and gravity 
modes become comparable near the transition wavenumbers.
1. Introduction
A number of studies related to the spectral energy slope and 
its mechanism have been conducted by many researchers for the 
general circulation of the atmosphere. Nastrom and Gage (1985) 
pointed out from the results of aircraft observations that the energy 
spectra of zonal wind, meridional wind, and potential temperature 
obey the k−3 power law in the synoptic scale and the k−5/3 power 
law in the mesoscale, respectively.
The energy spectrum of the large scale motion is characterized 
by the k−3 law from synoptic to sub-synoptic scales (Wiin-Nielsen 
1967; Boer and Shepherd 1983; Nastrom et al. 1984). Using a 
dimensional analysis, Kraichnan (1967) predicted the k−3 power 
law for 2D, isotropic and homogeneous turbulence in a forward 
enstrophy cascading inertial subrange on the short-wave side of 
the scale of energy injection. Tung and Orland (2003) showed 
that not only enstrophy but also energy cascade down from the 
synoptic to mesoscales. The downscale energy cascade is respon-
sible for a k−5/3 spectrum on the short wave side where the energy 
cascade exceeds the enstrophy cascade. The k−5/3 power law has 
previously been predicted theoretically by Kolmogorov (1941) for 
3D homogeneous and isotropic turbulence, producing a downscale 
energy flux.
Koshyk and Hamilton (2001) examined the differences in the 
horizontal kinetic energy spectrum using the GFDL (Geophysical 
Fluid Dynamics Laboratory) SKYHI model with horizontal grid 
spacing of 35 km. They confirmed that the spectrum follows the 
k−3 power law for wavelengths between about 5000 and 500 km 
and k−5/3 power law at small wavelengths. Hamilton et al. (2008) 
examined the horizontal spectrum of wind variance in experi-
ments conducted with the Atmospheric GCM for the Earth Simu-
lator (AFES), and found that the control version of AFES run at 
T639 horizontal spectral resolution, which employs a slightly 
filtered version of realistic topography, simulates a kinetic energy 
spectrum that compares well at large scales with global reanalyses 
and, at smaller scales, with available aircraft observations near the 
tropopause level. Takahashi et al. (2006) showed with the result 
from the simulation using AFES that the k−3 and k−5/3 spectra are 
produced by the atmospheric dynamics. Kitamura and Matsuda 
(2006) investigated the characteristics of the energy spectra of 
the vortical and gravitational modes using their model which 
assumes a nonhydrostatic, incompressible Boussinesq fluid on 
f-plain. They found that the downscale energy cascade associated 
with the divergent modes plays an important role in the formation 
of the mesoscale k−5/3 spectrum. Kitamura and Matsuda (2010) 
conducted a notable numerical experiments in relation to the 
mesoscale energy cascade process in the free atmosphere. Accord-
ing to their results, the nonlinear interactions between geostrophic 
and gravitational modes play a crucial role in the downscale 
energy cascades for forming the k−5/3 spectrum. Terasaki et al. 
(2009) showed the kinetic energy spectra for zonal wind and 
vertical wind components simulated by NICAM (Non-hydrostatic 
ICosahedral Atmospheric Model) with horizontal grid spacing 
from 224 km to 3.5 km. They confirmed that the spectra of zonal 
wind components follows k−5/3 law in the mesoscale for 7.0 km 
and 3.5 km experiments. The energy spectrum of the vertical wind 
in the zonal wavenumber domain was found to be white noise, 
which all the waves have the same energy level, i.e., which shows 
an impotant implication of wave saturation, especially for the 
gravity waves.
Tanaka (1985) and Tanaka and Kung (1988) studied the 
atmospheric energy spectrum expanding the atmospheric data 
with 3D normal mode functions. This method can divide the hori-
zontal wind field and geopotential into Rossby and gravity modes 
by expanding with Hough functions, which can be obtained as 
a eigen function of linearized horizontal structure equations. 
Terasaki and Tanaka (2007b) investigated the energetics of 
atmospheric general circulation using JRA-25 (Japanese 25-year 
Reanalysis) and ERA-40 (ECMWF 40-year Reanalysis) datasets, 
and found that the k−3 spectrum can be seen in the both datasets, 
but could not obtain the transition of energy slope from k−3 power 
law to k−5/3 power law. The energy level in the zonal wavenumber 
domain drops around the zonal wavenumber k = 20 due to the low 
horizontal resolution. Žagar et al. (2009, 2010) showed the energy 
spectra of the rotational and inertial gravity modes based on the 
3D normal mode with operational analyses data of ECMWF. 
However, no study based on the 3D normal mode decomposition 
has been carried out about the energy spectrum of gravity mode 
with high resolution analysis data. 
Recently, the resolution of the analysis data is increasing very 
rapidly, because of the development of the atmospheric general 
circulation model, the data assimilation system, and also the com-
puter technology. The purpose of this study is to investigate the 
characteristics of the energy spectrum of gravity mode with the 
high resolution analysis data provided by JMA, and to examine 
whether the transition of energy slope can be seen. In Section 2, 
the analysis method and description about dataset used in this 
study are described. In Section 3, the result of the energy spectrum 
in the zonal wavenumber domain is presented. Finally, the con-
cluding remarks are given in Section 4.
2. Analysis method and data
In this section, we investigate the characteristics of spectral 
slope based on 3D normal mode energetics. The 3D normal mode 
energetics was constructed by Tanaka (1985). The basis function 
used in this study is 3D normal mode functions, which is defined 
by the tensor product of vertical structure functions and Hough 
functions. Expanding the momentum equations and thermody-
namic equation, we can obtain the prognostic equation in 3D 
spectral domain as follows; 
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2 illustrates the ratio of Rossby wave energy to gravity wave 
energy. The Rossby (gravity) wave becomes dominant where the 
ratio is larger (smaller) than 1. This figure shows that the energy 
levels of Rossby mode and gravity mode become comparable 
where the energy slope shifts from k−3 to k−5/3. The characteristics 
of energy slopes agree very well with Nastrom and Gage’s spectra 
which is based on the aircraft observational data.
Tanaka et al. (2004) proved that the energy spectrum in 
the phase speed domain is proportional to c2, where c is a non-
dimensional phase speed of Rossby wave (c = σ/k). They showed 
a clear energy spectrum with reanalysis data, but up to k = 20. 
Figure 3 illustrates the energy spectrum for barotropic mode up 
to k = 250. The energy spectra of the same zonal wavenumber but 
the different meridional mode are connected with dotted line. The 
peak of the energy spectrum is seen around c = 10−2 (8.75 m s−1 in 
45°circle). It seems that the spectral law based on the saturation 
of Rossby wave can be applied in small-scale phenomena. The 
spectrum in the phase speed domain follows c2 law in c ≥ 10−5. 
The spectral slope in the small phase speed region becomes less 
steeper than c2 and the edge spectrum has been eliminated in this 
study. It is desired to investigate in the future study.
4. Conclusion and discussion
In this study, the characteristics of the energy spectra for 
Rossby waves and gravity waves are investigated with the very 
high resolution analysis data (TL959L60) provided by JMA. In 
order to investigate the energy slope for Rossby waves and gravity 
waves, the 3D normal mode decomposition, which is derived by 
Tanaka (1985), is used. The focus of this study is on the transition 
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where wi is a non-dimensional 3D normal mode expansion coef-
ficient, τ is a non-dimensional time scaled by the angular speed of 
the Earth, rijk is a nonlinear interaction coefficient, σi is an eigen-
frequency of Laplace’s tidal equation, i is an imaginary unit, and fi 
is a physical term, which includes diabatic heating and viscosity. 
For simplicity, wnlm is replaced by wi , the subscripts j and k mean 
the different combinations of wavenumbers in 3D spectral space.
The subscripts k, l, and m show zonal wavenumber, meridional 
mode number, and vertical mode number, respectively. The verti-
cal mode m = 0 is called a barotropic mode because the values 
of the mode are approximately constant and have no node in the 
vertical. The vertical mode m = 1 has one node in the vertical, m = 
2 has two nodes and so on.
In this study, the truncation wavenumber in zonal, meridional, 
and vertical directions are set to 750, 900, and 30, respectively. 
The 900 Hough modes are divided into 3 parts; Rossby modes, 
eastward gravity modes, and westward gravity modes.
We can calculate total energy Eklm of each mode by using the 
spectral coefficient wi ,
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where ps is the mean surface pressure (1013.25 hPa) and hm is an 
equivalent height, which is obtained as an eigenvalue of the verti-
cal structure equation. The units of energy are J m−1.
The data used in this study are global η surface analysis data 
provided by JMA (Japan Meteorological Agency) (JMA 2007). 
They are provided by way of “Meteorological Research Consor-
tium”, a framework for research cooperation between JMA and 
MSJ (Meteorological Society of Japan). The resolution of the 
model is TL959L60 (the model top is 0.1 hPa), corresponding 
roughly to a 20 km horizontal grid spacing. The data contain 
meteorological variables of horizontal wind u, v, geopotential f, 
specific humidity q, and air temperature T. The data period used 
in this study is from 00Z 1 September 2009 to 18Z 7 September 
2009. The data are interpolated on 60 gaussian vertical levels in 
the − log (p/ps) coordinate by cubic spline method, the top of the 
gaussian vertical level is 0.4 hPa.
3. Results
Figure 1 shows the energy spectrum in the zonal wavenumber 
domain. The energy spectra of Rossby and gravity modes are 
obtained by summing up all vertical and meridional modes in 
Hough modes, respectively. The energy spectrum of Rossby 
modes follows −3 power law in the synoptic scale (k = 6 to 300). 
The slope of a linear regression for k = 6 to 300 is −2.84. It is 
found that the energy spectrum of gravity mode exactly obeys the 
−5/3 power law in both synoptic and mesoscales. The slope of a 
linear regression for k = 6 to 350 is −1.66. The spectra for Rossby 
and gravity modes become less steeper than k−3 and k−5/3 slopes 
from around k = 300. The spectrum behind the wavenumber k = 
600 drops rapidly, because of the truncation and the viscosity and 
diffusion.
Nastrom and Gage (1985) showed that the energy slope shifts 
from −3 power spectrum to −5/3 power spectrum in the boundary 
of synoptic and mesoscale with aircraft observational data. In this 
study, the shift of total energy spectrum can not be clearly seen in 
the spectrum of total (both Rossby and gravity) energy. 
It can also be seen in Fig. 1 that the spectra for Rossby and 
gravity energy cross each other around a zonal wavenumber 80, 
although the total energy spectrum does not clearly show this 
shift. This scale corresponds to about 350 km on 45°circle. Figure 
Fig. 1. The energy spectrum in zonal wavenumber domain. The 
black, red, and blue solid lines show total energy, energy of Ross-
by mode, and energy of gravity mode, respectively. The −3 and −
5/3 spectra are drawn by thin solid lines. The zonal wavenumber 
and energy are taken in the horizontal and vertical axes, respec-
tively. The units of energy are J m−1, and the zonal wavenumber is 
non-dimensional.
47SOLA, 2011, Vol. 7, 045−048, doi:10.2151/sola.2011-012
of energy slope from −3 to −5/3 regime in the zonal wavenumber 
domain.
Results show that the total energy spectrum does not clearly 
represent the transition of the energy slope, but the total energy 
spectrum shifts from k−3 to k−5/3 gradually. The energy level of 
Rossby waves is higher in the synoptic scale, and that of gravity 
waves becomes higher in the mesoscale. It is found in this study 
that the energy spectra for Rossby and gravity modes cross each 
other around k = 80. It is essential for understanding these power 
laws in the general circulation that the energy spectra of Rossby 
and gravity waves obey the k−3 and k−5/3 laws, respectively. The 
schematic diagram of energy spectrum is shown in Fig. 4.
The ratio of Rossby wave energy to gravity wave energy 
clearly explains why the total energy shows the gradual spectral 
shift. The result of this study may indicate that the shifting wave-
number from k−3 to k−5/3 is determined just as a crossing wavenum-
ber of Rossby wave and gravity wave spectra.
Terasaki et al. (2009) found that the energy spectrum of the 
vertical motion becomes white noise using NICAM experiment 
(3.5 km horizontal grid spacing), which has almost the same 
energy level at any horizontal scales. It is suggested that the k−5/3 
power spectral law in stratified turbulence may be explained by 
the saturation theory of the vertical motion. It is desired to exam-
ine the formation mechanism of energy spectrum in 3D normal 
mode energetics, and also to investigate the spectra with the high 
resolution model.
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Fig. 2. The ratio of energy of the Rossby mode to gravity mode in 
Fig. 1.
Fig. 3. The energy spectrum for the barotropic mode as a function 
of dimensionless phase speed of the Rossby mode c. Energy lev-
els are connected by dotted lines for the same zonal wavenumber 
k with different meridional mode numbers l. The spectrum of E 
= mc2 is drawn by solid line, where m means a total mass of the 
atmosphere for unit area. The units of energy are J m−1.
Fig. 4. Schematic diagram of energy spectrum for baroclinic at-
mosphere. The dotted and dashed lines show the energy spectra 
for Rossby and gravity modes, respectively. The solid line shows 
the total (Rossby + gravity) energy spectrum.
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